Abstract. We study nonexistence, existence and uniqueness of positive solutions of the equation H n u+a(x)u?b(x)u = 0 with > 1 on the Heisenberg group H n . Our results hold, with essentially no changes, also for the Euclidean version of the above equation. Even in this case they appear to be new.
Introduction
Let H n be the Heisenberg group of real dimension 2n + 1; i.e. the nilpotent Lie group which as a manifold is the product H n = C n R and whose group structure is given by (z; t) (z 0 ; t 0 ) = (z + z 0 ; t + t 0 + 2 Im(z; z 0 )) ; (z; t); (z 0 ; t 0 ) 2 H n ; where ( ; ) denotes the usual Hermitian product on C n :
A (real) basis for the Lie algebra of left-invariant vector elds on H n is given by X j = 2 Re @ @z j + 2 Imz j @ @t ; Y j = 2 Im @ @z j ? 2 Rez j @ @t ; @ @t ; for j = 1; 2; : : :; n: The above basis satis es Heisenberg's canonical commutation relations for position and momentum X j ; Y k ] = ?4 j k @ @t ; all other commutators being 0: It follows that the vector elds X j ; Y k satisfy H ormander's condition, and the real part of the Kohn-Spencer Laplacian, de ned by
is hypoelliptic by H ormander's theorem ( 5] ).
In H n one has a natural origin 0 = (0; 0) and a distinguished distance function from 0 de ned by (x) = (z; t) = ? jzj 4 + t 2 1=4 ; which is homogeneous of degree one with respect to the Heisenberg dilations (z; t) ! ( z; 2 t): The distance between two points x; x 0 2 H n is then given by d(x; x 0 ) = (x ?1 x 0 ): We also de ne the density function with respect to 0 by (x) = (z; t) = jzj 2 (z; t) 2 ; for x 6 = 0; and note that 0 (x) 1: If u is a \radial function", that is, u(z; t) = f ( (z; t)) for f : 0; +1) ! R of class C 2 , then H n u = f 00 ( ) + 2n + 1 f 0 ( ) : In this paper we consider the equation
(2) with > 1 constant, and determine conditions on the coe cients a(x); b(x) in order to guarantee the existence (resp., nonexistence) of positive solutions on H n .
Our problem is motivated by the following geometric fact. The vector elds Z j = X j + iY j span a subbundle T 1;0 of the complexi ed tangent bundle of H n ; and give rise to its canonical CR structure with contact form , which is determined modulo the transformation~ = u 2=n (3) for 0 < u 2 C 1 (H n ): The choice of speci es a pseudo-Hermitian structure on H n ; and o = dt + A contact form on a CR manifold M induces a scalar curvature (the Webster scalar curvature) R , which under the change (3) of contact forms transforms according to the equation 2n + 2 n u + R u = R~ u (n+2)=n ; where is the hypoelliptic Laplacian of the pseudo-Hermitian manifold (M; ):
The Webster scalar curvature of the canonical pseudo-Hermitian structure o on H n is identically zero, and o is the operator de ned in (1) . Therefore, when a(x) 0; equation (2) arises as the transformation law for the Webster scalar curvature of (H n ; o ) under the conformal change~ = u 2=n o of contact forms. In this sense, (2) is the CR analogue of the Yamabe equation on Euclidean space that has been extensively investigated over the past fteen years (see, for instance, 3], 4], 9]).
The CR-Yamabe equation has been studied in a series of papers by D. Jerison and J. Lee ( 6] , 7] and 8]). In particular, they consider the problem of conformally changing the contact form to one having constant Webster curvature in the compact setting. As in the Riemannian case, their analysis is based on variational techniques, which, however, are not straightforwardly extendable to the noncompact case.
We stress that the presence of the linear term in (2) introduces additional difculties and gives rise to new interesting phenomena. Most notably, our results suggest the existence of a critical behaviour for the coe cient a(x): On the one hand, the linear term essentially does not a ect existence and nonexistence of positive solutions if a(x) decays faster than quadratically in the distance (see Theorem 5 and Theorem 2, respectively). On the other hand, if a(x) decays more slowly than quadratically, Theorem 3 guarantees the existence of positive solutions under minimal conditions on b(x):
The presence of the linear term is also re ected in the uniqueness result contained in Theorem 7. Without it the uniqueness would follow by a direct application of the maximum principle.
In our analysis of equation (2) we use a variety of di erent techniques. The nonexistence results are for the most part based on applications of maximum principle techniques and geometric ideas to ordinary di erential equations, which yield results that might be of independent interest.
The key ingredient in the proof of our existence results is the method of superand subsolutions, which is the standard approach to existence problems when lack of compactness of the ambient space makes a variational treatment unnatural. Again, geometric ideas play a crucial role in the construction of super-and subsolutions.
Our results are based on the assumption that the coe cients a(x) and b(x) in (2) satisfy bounds of the form (x) a 1 ( (x)) a(x); respectively a(x) (x) a 2 ( (x)) ; (x) b 1 ( (x)) b(x); respectively b(x) (x) b 2 ( (x)) ; (4) for suitable, nonnegative, continuous functions a i and b i on 0; +1): In some sense, the presence of the factor (x) in (4) re ects the anisotropic nature of the Heisenberg group. It allows us to \radialise" the problem and apply ordinary di erential equation methods.
Since 0 (x) 1; its occurrence as a factor in the lower bounds in (4) is not restrictive. On the other hand, the presence of in the upper bounds is a genuine restriction, and since (x) vanishes for x = (z; 0); it forces the corresponding coecient to vanish along the t-axis. However, an analysis of our results shows that the restriction so introduced is necessary in our nonexistence and uniqueness theorems (Theorems 1, 2, and 7, respectively) at least if one is willing to assume that the bounds on the coe cients are expressed in terms of the distance function.
Moreover, the presence of the factor in the existence theorems allows us to obtain solutions whose behaviour at in nity can be controlled by radial functions (see Theorems 3 and 5).
We also remark that all our results hold, with essentially no changes, for the Euclidean version of equation (2) . It su ces to set 1 throughout, and replace H n with the standard Laplace operator of R m : Even in this case our results appear to be new. (For related results in the setting of complete noncompact Riemannian manifolds, however, see 10] and 1].)
Next sections contain the statements of our main results. All the proofs will be included in the forthcoming paper 2]. x)) on H n ; (5) with a 2 ; b 1 2 C 0 ( 0; +1)): Assume that for some constant A n; a 2 (t) A 2 t 2 ; that b 1 (t) 0 on 0; +1); and that for some integer k;
lim inf t!+1 b 1 (t) (log t) +1 log(log t) log (k) (t) t n( ?1)?2 > 0 if A = n; lim inf t!+1 b 1 (t) (log t) log(logt) log (k) (t) t (n? p n 2 ?A 2 )( ?1)?2 > 0 if A < n;
where log (k) denotes the k th composition power of log. Then the equation Suppose that a 2 satis es a 2 (t) min n 2 t 2 ; A 2 t 2+ ; for some constants A and > 0; and that there exist an integer k and a constant C > 0 such that for some constant c 2 > 0 and (x) su ciently large.
De nition 4. We say that a solution U of equation (6) U(x) = +1:
3. A uniqueness result Theorem 7. Let a(x); b(x) 2 C 0 (H n ) satisfy b(x) 0 on H n ; and a(x) (x)a 2 ( (x)) on H n ; where a 2 2 C 0 ( 0; +1) satis es a 2 (t) A 2 t 2 on (0; +1); (7) with A n. Let u; v 2 C 2 (H n ) be positive solutions of equation (6) . If o ( (x) ?n log( (x))) for A = n; o (x) ?n+ p n 2 ?A 2 for A < n;
as (x) ! +1;
then u v on H n : Moreover, if instead of (7) we assume that a 2 (t) min n 2 t 2 ; A 2 t 2+ for some positive constants A and ; then the same conclusion holds with (8) replaced by (u ? v)(x) = o (1) as (x) ! +1:
